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Abstract 

We provide a complete analysis of mixed three-qubit states composed of a GHZ state and a W 
state orthogonal to the former. We present optimal decompositions and convex roofs for the three- 
tangle. Further, we provide an analytical method to decide whether or not an arbitrary rank-2 state 
of three qubits has vanishing three-tangle. These results highlight intriguing differences compared 
to the properties of two-qubit mixed states, and may serve as a quantitative reference for future 
studies of entanglement in multipartite mixed states. By studying the Coffman-Kundu-Wootters 
inequality we find that, while the amounts of inequivalent entanglement types strictly add up for 
pure states, this "monogamy" can be lifted for mixed states by virtue of vanishing tangle measures. 

PACS numbers: 



Characterizing and quantifying entanglement of multipartite mixed states is a fundamen- 
tal issue in quantum information theory, both from a theoretical and apractical point of 
view Despite the large number of profound results, e.g. 



even for the simplest case - the one of three qubits - there is no general solution to this 
problem. While the entanglement problem is well understood for pure and mixed states of 



two qubits 15l llq , expanding our knowledge to both higher-dimensional systems 



and systems of more than two qubits turned out to be a formidable task. Although pure 
three-qubit states are well characterized by their local invariants and their non-trivial entan- 
glement properties, similarly complete understanding of mixed three-qubit states remains 
elusive. 

In Ref. Q] it has been worked out that mixed states are characterized in terms of 
the convex roof for pure-state entanglement measures. The seminal paper by Coffman et 
al. Pi provided a basis for the quantification of three-party entanglement by introducing 
the so-called residual tangle that led to understanding important subtleties in multipartite 
quantum correlations 0|. To date, there is no simple analytical method to compute the 
residual tangle for mixed three-qubit states. Therefore, it may be helpful to study simple 
cases of such mixed states which, on the one hand, allow for a complete characterization, 
but on the other hand involve as many features as possible that go beyond the well-known 
bipartite case. 

To this end, we study a particular family of rank-2 mixed three-qubit states. After 
briefly introducing the basic concepts to describe two-qubit and three-qubit entanglement 
we first analyze superpositions of GHZ and W states. Then we present the results for the 
residual tangle of GHZ/W mixtures that lead us to the optimal decompositions, and the 
corresponding convex roofs. Surprisingly, we obtain the residual tangle not only for mixtures 
of GHZ and W states, but also for a large part of the Bloch sphere spanned by these states. 
Finally we discuss the Coffman-Kundu-Wootters (CKW) inequality. Our results provide a 
rich reference for further work on the quantification of multipartite entanglement. 

Important concepts. - The concurrence C{<f)AB) measures the degree of bipartite entan- 
glement shared between the parties A and _B in a pure two-qubit state ^ 'Ha ®'Hb- 
In terms of the coefficients {0oO) ^oii 4>Wi 4>ii\ of |0ab) with respect to an orthonormal basis 
it is defined as 

C = 2\(f)oo(f)n - 0oi0io| • (1) 
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The concurrence is maximal for Bell states like -^(lOO) + |11)) and vanishes for factorized 
states. 

The 3-tangle (or residual tangle) T^ii^), a measure for three-party entanglement in the 
three-qubit state lip) E T-Ca ^'Hb 'Si'Hc has been introduced in Ref. 51]. It can be expressed 
by using the wavefunction coefficients {ipooo, i^ooi, ■ ■ ■ , ^111} as 

rs = 4 I (/i -2(^2 + 441 (2) 
di = V-ooo^?!! + ^ooiV-iio + V'oio^?oi + ^?ooV'oii 

d2 = V'OOO'0111^OllV'lOO + ^OOO^lllV'lOlV'OlO 

+^OOO'011lV'lloV'OOl + '0oii^iooV'ioi^oio 

+V'oii^iooV'iioV'ooi + '0ioi^oioV'iioV'ooi 
ds = V'OOO^lloV'101^011 + ^iiiV^ooi^oioV'ioo • 

We mention that this definition of the 3-tangle coincides with the modulus of a so-called 
hyperdeterminant which was introduced by Caley 0, Q] . For the GHZ state 

\GHZ) = i= (1000) + 1111)) (3) 

the 3-tangle becomes maximal: ts{GHZ) = 1, and it vanishes for any factorized state. 
Remarkably there is a class of entangled three-qubit states for which vanishes j^. This 
class is represented by the \W) state 

\W) = -1= (|100) + 1010) + 1001)) . (4) 



Now consider, e.g., mixed two-qubit states u> with their decompositions 

The concurrence of the mixed two-qubit state u> is defined as the average pure-state concur- 
rence minimized over all decompositions 

C(w) = mm^pjC{7Tj) . (6) 

which is also called a convex- roof extension The mixed-state 3-tangle is defined 

analogously. A decomposition that realizes the minimum of the respective function, is called 
optimal. 
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FIG. 1: The 3-tangle of the states \Z{p, (/?)) in Eq. Q for various values of ip = j ■ ^ (from top to 
bottom: 7 = 1/2, 1/3, 1/5, 1/10, 0). The 3-tangle is periodic in (p with a period of 27r/3. Further, 
T-^iZ) vanishes trivially for zero GHZ component, but also for p = and non-zero GHZ amplitude 
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Pq = g^Ja/^ ~ 0.627. This is in striking contrast to the two-qubit case where, in a superposition 
of a Bell state with an orthogonal unentangled state, the concurrence equals the weight of the Bell 
state |2C|. that is the entanglement remains "untouched". 

In this paper we study the 3-tangle of rank-2 mixed three-qubit states 

pip) = P ttghz + (l-p)7rw (7) 

with ttghz = \GHZ){GHZ\ and ttw = \W){W\ (notice that {GHZ\W) = 0). 

Superpositions of GHZ and W states. - It is well-known that from the decomposition of a 
rank-n density matrix p = X]j=iPi li)OI i^^o eigenstates {|i)}, any other decomposition 
p = ^ \Xi){Xi\ of length m > n can be obtained with a unitary mx m matrix Uij via 
\Xi) = J2jLiUij{y/Pj\j))- Hence, the vectors of any decomposition of our states p{p) are 
linear combinations of \GHZ) and \ W). Therefore we first analyze the 3-tangle of the states 



\Z{p,if)) = Vp\GHZ) - e'^,/l-p\W) . (8) 
With Eq. Q we obtain (see also Fig. 1) 

8^6 



P'-^Vpi^-Pre''"" 



(9) 



We notice that r^i^Z) has a non-trivial zero {(f = 0) 

Po = ^ = 0.626851.. 

3 + 4^ 
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Mixtures of GHZ and W states. - An immediate consequence of the existence of a finite 
Po with T3{Z{po)) = 0, together with the permutation symmetry of the states, is that the 
mixed-state 3-tangle T^{p{p)) = for p = po as well as for all < p < po- For p = we 
have the optimal decomposition 

P(Po) = ^(l^o^X^ol + l^oX^ol + l^oX^ol) (10) 
\Zi) = Vp~o\GHZ) - e'r^^/l^olW) . 

For p < Po there is a decomposition with vanishing 3-tangle of the form p{p) = ^p(po) + 
^1 — ^ j TTw For p > pq, all states p{p) have non-vanishing 3-tangle. 

The decomposition in Eqs. (|l(Jj) provides a trial decomposition S for p{p > po) given by 
S = {sJ\\Z^) ,sJ\\Z^) , V^l^')} with \Z^) = \Z{p, f j)>- Its 3-tangle 

9iip) = - -P)^ , P > (11) 

provides an upper bound for T^{p{p > Po))'- as the function gi{p) is not convex in the entire 
interval Po < p < 1, it cannot represent the 3-tangle of p{p) for all p G [poi !]• 

In order to test this upper bound, we have performed extensive numerical studies (the 
numerical method can be tested with the two-qubit case as well as with states p{p < po) with 
vanishing 3-tangle). According to Caratheodory's theorem, for rank-2 states four vectors 
are sufficient to minimize the 3-tangle. Hence we need to investigate decompositions with 
2, 3, or 4 vectors only. 

Our numerical results indicate that S is indeed an optimal decomposition for values of p 
close to Pq. For larger p, however, we propose the four- vector decomposition T that consists 
of three vectors analogous to S and a pure GHZ state: 

h ^ 

p{p) ={l-b) \GHZ){GHZ\+ - J2\Z'{a)){Z^{a)\ 

where \Z^(a)) = \Z(a, ^j))- The coefficients a and b have to be determined as functions of p. 
It turns out that the decomposition S is optimal for 

Po<P<Pi = 1 + 310^465 = 0.70868 . . . 
For p G the decomposition T has the lowest average 3-tangle, given by the linear 

function 

gnip) = 1 - (l-p)Q + ^v^) . (12) 
This is in complete agreement with the numerical results. 
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FIG. 2: Bloch sphere for the two-dimensional space spanned by the GHZ state and the W state. 
The simplex 5*0 contains all states with zero 3-tangle. The "leaves" between po and pi represent 
sets of constant 3-tangle, and in the simplex the 3-tangle is affine (for further explanation, see 
text). 

Convex roofs. - With these findings we can elucidate the affine regions (the convex 
roofs) of the 3-tangle for any mixture of GHZ and W states. To this end, imagine the 
two-dimensional space spanned by the GHZ and the W state represented by a Bloch sphere 
with the GHZ state at its north pole and the W state at the south pole (cf. Fig. 2). All the 
states \Z{p, if)) are located at the unit sphere, with azimuth Lp and p the distance from the 
south pole along the north-south line (i.e., p = is the south pole, and p = 1 is the north 
pole). The states with zero 3-tangle are represented by the simplex 5*0 with corners W , Zq, 



Now consider planes P{p) parallel to the ground plane of the simplex (i.e., the plane 
containing the triangle Zq, Zq, Zq) and intersection point p with the north-south line. For 
Po ^ P Pi the 3-tangle is constant in a triangle that has its corners at the intersection 
points of the plane P{p) and the meridians through Zq, Zq, and Zq (see Fig. 2). 

For pi < p < 1 we have another simplex iSi with affine 3-tangle. The ground plane of this 
simplex is formed by the last of the "leaves" (at p = Pi) described above, and the top corner 
is the GHZ state. That is, in each plane parallel to the ground plane of this simplex the 
3-tangle is constant. The 3-tangle of any point inside 5*1 (with distance p' from the south 
pole, i.e., the GHZ weight equals p') is a convex combination a ■ gnipi) + (3 ■ 1 of gnipi) (the 
3-tangle in the ground plane of 5*1) and of 1, the value for the GHZ state. The coefficients 
are a = ^ind P = j^^- This completes the characterization of the mixed states p{p). 
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CKW inequality. - Given a whole family of mixed three-qubit states with the corre- 
sponding 3-tangle one might like to check the CKW relations To this end, we con- 
sider pure three-qubit states \ip) G TIa ®'Hb® 'He and introduce the reduced two-qubit 
density matrices pab = ti'cd^/') (-01), pAc = and the reduced density matrix 

of the first qubit pa = ^'^Bci\^){''P\)- For pure states, one has the "monogamy relation" 
4 det(pA) = C^pab)"^ + C{pacY + '^'ii.i^)) that is, the entanglement of qubit A can be either 
bipartite entanglement with B oi C (concurrence), or three-party entanglement with B and 
C (3-tangle). For mixed three-qubit states p, Coffman et al. found the inequality 

4min(det(pA)) > C{pABf + C{pAcf • (13) 

Here, also the 1-tangle has to be minimized for all possible decompositions of p. The 
reduced two-qubit density matrices are defined analogously as pab = tr(7(p), pac = ^T^sip), 
= tTBcip)- We refer to Eq. (0 as the "CKW inequality". 

Due to the invariance of p{p) with respect to qubit permutations, we can consider the 
CKW inequality with respect to the first qubit, without loss of generality. It is straightfor- 
ward to compute the concurrences: 

2 



CIb + Clc = 2 (max 0,^(1 - p) - sj^i^^ + p) ) • (14) 



This is a monotonously decreasing function for p E [0, 1] that vanishes for pc* = 7 — v45 ~ 
0.292. For the minimum 1-tangle we obtain 

4min dei {ii bc p{p)) = - ( - 4p + 8 ) . (15) 

9 

In order to interpret these results, we plot the 1-tangle, the sum of squared concurrences, 
and the 3-tangle, see Fig. 3. The 1-tangle is always larger than the sum of squared con- 
currences and 3-tangle. In particular, there is a region pc ^ P ^ Po where there is quite 
substantial 1-tangle, but there is zero concurrence and zero 3-tangle in the state p{p). Our 
interpretation of this result is that it is not pre-determined whether the entanglement con- 
tained in p{p) is bipartite entanglement or three-way entanglement. According to the choice 
of decomposition the entanglement in p{p) can be represented either in terms of bipartite 
correlations, or as three-partite correlations, respectively. This is a curious fact if we recall 
that the GHZ and the W state are locally inequivalent. Apparently, for mixed states there 
is no strict monogamy as for pure states. As opposed to this, for "less mixed states" - i.e., 



for p < pc and for p > po - the entanglement stems (mandatorily) to a large extend either 
from bipartite correlations, or from three-way correlations. 

Conclusion. - Summarizing, we have studied the entanglement properties of the family 
of mixed three-qubit states p{p) (cf. Eq. ((Tj)). As opposed to the two-qubit case (where one 
has a huge variety of optimal decompositions for our three-qubit states p{p) there 

appears to be only a single type of optimal decomposition (apart from phase rotations). 
Further, while a two-qubit state of rank n has always an optimal decomposition of length 
n, this does not hold for the three-qubit states p{p). Remarkably, we have obtained the 
convex roof of the 3-tangle not only for mixtures as in Eq. but for a considerable part of 
the Bloch sphere (cf. Fig. 2). We mention that, if any of these density matrices is convexly 
combined with an arbitrary three-qubit density matrix, our results provide a non-trivial 
upper bound for the 3-tangle of the resulting state. 

Moreover, we have found that for the entanglement contained in multipartite mixed 
states there is no strict monogamy, i.e., it can be represented by different types of locally 
inequivalent quantum correlations. 

Finally, we would like to point out that from our results we may draw an important 
conclusion for arbitrary rank-2 density matrices p = p |1)(1| + (1 — p) |2)(2|, of three qubits. 
Also in the general case, there will exist a simplex 5*0 which makes it possible to decide on 
analytical grounds whether or not a rank-2 state has vanishing 3-tangle. This can be seen 
as follows. 

Consider the 3-tangle of the state {i/j) = |1) -|- 2 |2) with a complex number z (normaliza- 
tion is irrelevant here). The condition for the 3-tangle of this state to be zero (analogously 
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FIG. 3: Plot of the 1-tangle (solid line), the sum of squared concurrences C{pab)^ + C{pAc)'^ 
(dashed line) and 3-tangle (dotted line) in p{p) as a function of p. Clearly, the CKW inequality H13|l 
is satisfied. 
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to Eq. (jni)) is given by a polynomial equation of 4tli degree in z. Hence, there are four 
(in general different) pure states with vanishing 3-tangle that define the simplex 5*0 in the 
corresponding Bloch sphere which contains those density matrices whose 3-tangle is zero. 
Thus, the 3-tangle of p vanishes Zj(f it belongs to 5*0. 

The implications of the concept of the simplex 5*0 are reaching even further. It can be 



generalized for multipartite entanglement monotones of pure states 



2311 . A method to 



explicitly write A^-qubit entanglement monotones (A_> 3) as certain expectation values of 
antilinear operators has been presented in Refs. [2^ I25I . Let us consider an arbitrary rank-2 
A-qubit density matrix. In complete analogy to what was said above, one can find the zeros 
of such A^-tangles on the Bloch sphere which then define a "zero-polyhedron" (rather than 
a simplex) that contains all the density matrices with vanishing A^-tangle. 
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